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Abstract. We extend R. Femandes' construction of secondary characteristic classes of a 
Lie algebroid to the case of a base-preserving morphism between two Lie algebroids. Like 
in the case of a Lie algebroid, the simplest characteristic class of our construction coincides 
with the modular class of the morphism. 

In [6] R. Fernandas has constructed a sequence of secondary characteristic classes 
of a Lie algebroid whose first element coincides with the modular class. In this 
note we extend Fernandes' construction and use the general definition of D. 
Lehmann [12] in order to produce secondary characteristic classes of a base- 
preserving morphism of two Lie algebroids. In particular, like in [5], we get a 
sequence of secondary characteristic classes whose first element coincides with 
the modular class of the morphism j7l [9] . We assume that the reader is familiar 
with Lie algebroids and Lie-algebroid connections and will consult [6l fT3 l [T2 l [T4] 
whenever needed. The framework of the paper is the C°°-category. We mention 
that other constructions of secondary characteristic classes of Lie algebroids may 
also be found in the literature e.g., [2l[3l|TT]. (The author is grateful to Rui 
Fernandes for bringing to his attention reference ,3^, which led to Proposition 
14.31 of the last section of the paper.) 

1 Selected topics on ^4- Connect ions 

Let {A, Ua, [, ]a) be a Lie algebroid and V a vector bundle with the same base 
manifold M™ (m — dimM). By an A-connection we shall understand an A- 
covariant derivative V : VA x FV^ — *■ FV^ (F denotes the space of cross sections 
of a vector bundle), written as (a,w) ^— > VaW, which is R-bilinear and has the 
properties 

(1.1) VfaV = fVaV, VaiJv) = fVaV + Ua{f)v (/ G C^{M)). 
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Accordingly, the value Vav{x) depends only on a{x) and on v\u^ where Ux 
is a neighborhood of a; € M. In order to write down the local expression of V, 
we take a local basis (&i)i=i (■^ = rank A) of FA, with the dual basis (6*') of 
TA* and a local basis {wu)u=i — rank V) of TV. Then, with the notation 
f]*^ (A) = r a'^ A* for the space of A- forms of degree k and using the Einstein 
summation convention, we get 

(1.2) Vt^wu = coMwt, = 7*„6- e n\A), 

and we say that (wj^) is the local connection matrix. Correspondingly, the cur- 
vature 

gets the local expression 

(1.3) R^ib,,bj)w^ = ni{b,,b,)wt, ni=dAtoi-u;lAu;len\A), 

where (Ia denotes the A-exterior differential [13j. We will say that (fi^) is the 
local curvature matrix and a change of the basis (wu) implies an ad{Gl{r,R))- 
transformation of (fl*^). Like in classical differential geometry, one has the 
covariant derivative machinery of t^-tensors and tensor valued yl-forms and the 
computation of the cIa^u produces the Bianchi identity that may be written 
under the form V51^ — 0. 

In the study of characteristic classes we shall need the direct product of two 
Lie algebroids Pc ■ Ac ^ Mc {c — 1,2) and we recall its definition given in [T3]. 
Consider the puUback bundles Tr~^Ac, where tTc is the projection of Mi x M2 
on Mc. Identify 

(1.4) T{tTc^Ac) = {<J : Ml xM2^ Ac/pcoa^nc] 

and notice that local bases {b'f^) of TAc have natural lifts to local bases of 
r(7r^^ylc), which will also be denoted by {b')f'). Take local cross sections 

^(c) - ^Ic)^. «(c) = ^Ub^-'^ i^U^^U G C^iMi X M2)) 

(there is no summation on indices in parentheses) and define the following an- 
chors and brackets 

tl(c) Cr(c) = '^UUrA''^ hc),'«(c)](c) = '^{c)l^lc)\b'f\bfW 

where (,*c is the natural injection of TMc in T{Mi x M2). In these operations, 
the M(c-imod.2)-variable is just a passive parameter and, since the anchor and 
bracket of each Ac are invariant, the results arc independent of the choice of the 
bases. Thus, the vector bundles tt'^Ac are Lie algebroids over Mi x M2 and the 
direct product of the Lie algebroids Ac is the Whitney sum A — '!Ti^Ai(Btt2^A2 
endowed with the direct sum of the anchors and brackets of the two puUbacks 
(in particular, [b'f'\b^j^''] = 0). 
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Proposition 1.1. Let q : V Mi be a vector bundle on Mi. Then, any A- 
connection V on the pullback n^^{V) defines a differentiable family V'-^^^ {x2 G 
M2) of Ai- connections on V . Conversely, any X2-parameterized, differentiable 
family of Ai- connections on V is induced by an A-connection on 'k^^(V). 

Proof. Assume that we have the covariant derivatives V ^ j umiv^Wu), 

"'(1)"; +'^(2) J 

where tr^^^ , v"^ are local, differentiable functions on Mi x M2. Then, the required 
family of connections on V is given by the covariant derivatives 

(V[:^(\)(^"u;„))(a:i) = (V^,,a)(^"«^n))(xi,X2), 

where Ct'H^ are local, differentiable functions on Mi, xi G Mi,X2 G M2 and 
we use an identification like (|1.4p for V . Notice that, if the local connection 
matrices of V are 

(1-5) = lll)iu{xi,X2)bl{-^ +l{2)3u{xi,X2)b*f^iy 

the connection v'^^^ has the matrices 7('i)itj(2;ij 2^2)&*i-) with the fixed value of 
X2- Conversely, if the family V*-^^^ is given, we get an ^-connection V by adding 

the local equations V ^(■2)Wu — 0. The local matrices of this connection V are 

j 

the same as the matrices of V'^^^ where X2 is allowed to vary in M2. □ 

In particular, we may apply Proposition 11.11 for Mi = M, M2 = / = {0 < 
T < 1}, = A,A2 = TI. Then, an .A-connection V on 7rf^(F) is called a link 
between the ^-connections V°,V^ on V. Formula p.Sp shows that the local 
connection forms of V are given by 

(1.6) Cj:=ujl,^^ + Xl{x,T)dT, 

where uj(t) is the local connection matrix at the fixed value r and G C°°{M x 
I). A simple calculation gives the corresponding local curvature forms 

(1.7) K^ni^^ + AlAdT, 
where 

A„ - + K^{r)w - ^w^(t)u "I -q:^ 

(the partial derivative with respect to r is applied to the coefficients of the 
form) . 

Now, we present another "selected topic" . Let V ^ Af be a vector bundle of 
rank r endowed with either a positive, symmetric tensor 17+ G VQy^V* or a 2-form 
g_ G r V* . We shall say that (V, (?±) is a quasi- (skew) -metric vector bundle. 
Notice that we do not ask rank g± to be constant on M. An A-connection V 
on V such that V.g± — will be called a quasi- (skew) -metric connection. If g± 
is non degenerate, the particle "quasi" will not be used and the connection is 
called orthogonal for g+ and symplectic for g^ . For a Lie algebroid A over M we 
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shall denote by L a generic, integral leaf of the distribution im '^a and by Lx the 
leaf through the point x G M. In what follows we establish properties of a quasi- 
(skew)-metric connection that are relevant to the construction of characteristic 
classes. 

Proposition 1.2. Assume that there exists a quasi- (skew) -metric connection 
V on (V,(7±). Then, the following properties hold. 1. If x € M and k S TV 
is such that fc|L(a;) € -f^|L(a:) {K = anng±), then Vafc(a;) S K^, Va S TA. 2. 
q = rankg±\L is constant along each leaf L and \/x G M there exists an open 
neighborhood Ux where V has a local basis of cross sections of the form (sh,ti) 
{h = 1, I = 1, ...,r — q) such that ti\u^nL^ € ^lu^nL^ and the projections 
[sh] = Sh (mod. _ftr) define a canonical basis of the (skew)-metric vector bundle 
{{V/K)\u^riL^, g'j_), where g'^ is non- degenerate and induced by g±. 3. With 
respect to this basis, the A-connection V has local equations 

(1.8) VSh — Vj'^^-^^Sk + ^^2)h^P' ~ ^13)1^^ + ^('4)i^p7 

where the coefficients are local 1-A-forms, n7^^^i{x) = and {vj^^-^f^{x)) € o{q), 
the orthogonal Lie algebra, in the g+-case, {va^^^^{x)) G sp{q,M.), the symplectic 
Lie algebra, in the g--case. 4- The curvature ofV has the local expression 

(1.9) Rvsh = $fi),,sfc + *^2)h*P' ^vi/ = $f3);Sfe + $('4);^?' 

where the coefficients are local 2-A-forms and ^'^^^{x) = 0, ($^-^-|^(a:)) G o{q) in 
the g^-case, ($^-^^^(a;)) £ sp{q,M.) in the g-.-case. 

Proof. 1. For any a G TA, v G TV one has 

(1.10) {Vag±)xiv{x),k{x)) = {'iAa)xig±iv,k)) - g±,xiVavix),kix)) 

-9±.xiv{x), Vakix)) = 0. 

Since {iACi)x{9±{v,k)) depends only on k\i^^x) G anng±, it vanishes, and we get 
the required result. 

2. Vg± = is equivalent with the fact that g± is preserved by parallel 
translations along paths in a leaf L [B], therefore, g± has a constant rank q 
along Lx . This implies the existence of bases with the required properties on a 
neighborhood UxCiL oi x. (In the metric case canonical means orthonormal and 
in the skew-metric case canonical means symplectic.) Then, take any extension 
of such a basis to Ux and shrink the neighborhood Ux as needed to ensure the 
linear independence of the extended cross sections. 

3. The equality n7^3jj(x) = is an immediate consequence of part 1. Then, 
in (jl.lOp . replace w, k by s/j, Sfc. Since the canonical character of the basis (s^Il) 
implies g±{sh\L, Sklh) = const., we get 

g±.xi'^aSh{x),Sk{x)) -\- g±^x{sh{x),'^aSk{x)) = 0, 

whence, (tu^s.(x)) G o{q), sp{q,R), respectively. 
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4. The (skew)-metric condition (|1.10p also implies 



where oi, 02 £ TA, vi,V2 G FV^, whence, after some obvious cancellations we get 
(1.11) iA[ai, a2]Aiuj{vi,V2)) = -a;(i?v(ai, 02)^1, W2) - i?v(ai, a2)w2)- 

Like in the proof of 3, p. lip for Sh,Sk implies (^^^^.(x)) e o(g), sp(g,]R), re- 
spectively. Then, (|l.lip for Sfi,ti together with part 1 of the proposition implies 
*(3);(^) = 0- □ 

In the theory of characteristic classes we need the Weil algebra /(G/(r, R)) 
= ®fc>o^'^(GZ(r, R)), where l'^{Gl{r,R)) is the space of real, ad-invariant, sym- 
metric, fc-multilinear functions (equivalently, invariant, homogeneous polynomi- 
als of degree k) on the Lie algebra of the general, linear group (r = rank V) . 
Using the exterior product A, such functions may be evaluated on arguments 
that are local matrices of A-commuting v4-forms on M with transition functions 
of the adjoint type and the result is a global A- form on AI (e.g., |14J). Secondary 
characteristic classes appear as a consequence of vanishing phenomena encoun- 
tered in the evaluation process described above. We shall need the following 
vanishing phenomenon (see [Bl): 

Proposition 1.3. If the bundle V endowed with the form g± has a connection 
V such that Vg± ~ and if R^{ai,a2)kx = for x e M, 01,02 S F^l, 
k G kerg±_x, then, Mcj) G I^*^^-^ (G/(r, R)), one has 0($) = 0, where $ is the 
local curvature matrix of the connection V. 

Proof. By 0(<i>) we understand the evaluation of (j) where all the arguments 
are equal to It is known that (with a harmless abuse of terminology and 
notation) the required functions (j) are spanned by the Chern polynomials 

(1-12) cu{F) = ^^5z-::i-j:i...f, 



^1 -tii...tih''fl '"•'Vh 



(6'" is the multi-Kronecker index), which are the sums of the principal minors 
of order h in det{F — \Id) {F e gl{r, R)). With the notation of Proposition 1 1.21 
and since R^{ai, a2)kx = 0, we have to take 



F 



Therefore, Vx G M, we have Ch{F) = Ch{^{i)x)- It is known that the polynomi- 
als C2/-1 vanish on o{q) and on sp{q^ R) (in the first case $(1) is skew-symmetric; 
for the second case see Remark 2.1.10 in [Tl], for instance). □ 
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2 Secondary characteristic classes 



A brief exposition of the classical theory of real characteristic classes raay be 
found in [14j . In this section, we present a Lie algebroid version of the basic 
facts of the theory. 

Consider the direct product Lie algebroid A = A x TA'' M x A*"', where 

k 

A'^ = {{to, h, ife) e R'^+i /th>o,J2th = i} 

h=0 

is the standard fc-simplex, A is a Lie algebroid over M and TA^ is the tangent 
bundle of A'^ endowed with the standard orientation k — dt^ A ... A dt^. Then, 
V"I> G il*{A), the fiber- integral /^j. $ is defined as zero except for the case 

$ = aAK, a = ^a,, ^ (x,t)b*''-^ A ... A b"" (x e M,t e A'') 
p\ 

when 

A- * " p! {Ia^ a»i...<p(^:0«) b"' A ...Ah*'- G nP{A) 

{hi is a local basis of cross sections of A). The same proof as in the classical 
case (e.g., [13], Theorem 4.1.6) yields the Stokes formula: 

(2.1) / dA^-dAf ^ = {-lY''3'^-^ [ i : aA*^- C A*^'. 

JA'' J a'' JdA'' 

Assume that we have k + 1 A-connections V*^^^ on the vector bundle V M 
that have the local connection matrices (^{a) (o; = 0, fc) with respect to the 
local basis (wu) of V. Then, the convex combination 

k 

(2.2) v(*) = ^t"V", t = (i",...,i*-') e A^ 

defines a family of A-connections parameterized by A'^ with the corresponding 
^-connection V on 7r7 '^(V) M X A*= (tti : M X A'= ^ M). The connection 
and curvature matrices of V will be denoted by uj, f2; generally, the curvature 
matrix of a connection will be denoted by the upper case of the letter that 
denotes the connection matrix. There exists a homomorphism 

A(V°, V'^') : I'^iGlir, R)) n^''-''{A), 

defined by R. Bott in the classical case, given by 

(2.3) A(V",...,V'=)</>=(-l)['^] / (Pel\Gl{r,R)). 

J A'' 
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Moreover, Bott's proof in the classical case ([2], Proposition 4.2.3) also holds 
in the Lie algebroid version and yields the following formula 

fc 

(2.4) dAiA{V°,...Mm = ^(-l)"A(V°,...,V"-i,V"+\...,V'=)(/.. 

Let V be an v4-connection on the vector bundle V M. As a consequence 
of the Bianchi identity, ^cf) G /''(GZ(r, R)), A(V)(/) G n'^''{A) is a d^-closed A- 
form and the A-cohomology classes defined by the A-forms A(V)0 are called 
the A-principal characteristic classes ofV [6\. If V", are two A-connections, 
formula l|2.4p yields 

(2.5) A(Vi)(/)- A(V°)0 = dAA(V",V^)0. 

Therefore, the principal characteristic classes do not depend on the choice of 
the connection. 

The .A-connection V to be used in definition (|2.3p of A(V'', V^)(/) is the link 
between V°, given by the family of A-connections 

V(^) = (1 - t)V" + rV^ = V° + rL>, D - V°, (r G /). 

For this link, we have p.6p and (|1.7p where — 0, dajj^^^/dr = a, the local 
matrix of the connection difference D, and formula (|2.3p yields 

(2.6) A(V°, Vi)0 = h (p{a, ^ir), ^{r) )dT, 

{/i — l} — times 

where 

(2.7) VLf^r) (1 - T)f^(o) + + r(l - r)a A a 

is the local curvature matrix of the connection V'"^-*. 

We shall use the Lehmann version of the theory of secondary characteris- 
tic classes [12l [14]. Let (Jq, Ji) be two (proper) homogeneous ideals of / = 
I{Gl{r,K)). Define the algebra 

(2.8) VK(Jo, Ji) = (//Jo) ® (// Ji) ® (A(/+)) (/+ = ©fc.>o/'=), 
with the graduation 

d<i9 [0] Jo = c?e5 [0] ji = 2/i, deg 4> = 2h - I, 
and the differential 

'^[</']jo = f^M-Zi =0, d4>= [(t)]j, - 
where we refer to the three elements defined by G in the factors of W. 
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Now, take a vector bundle V ^ M and two ^-connections V", V"'^ on V such 
that Jc C fcer A(V^), c = 0, 1. By putting 

(2.9) p[^]j, - A(V°)(/), p[0] J, = A(Vi)0, p0 = A(V", Vi)</., 

we get a homomorphism of differential graded algebras 

p(Vo,Vi):iy(Jo,Ji)~>f^(A) 

with an induced cohomology homomorphism 

p*{V°M) ■■ H*{W{Jo,Ji)) ^ H*{A). 

The cohomology classes in im p* that are not principal characteristic classes are 
called A-secondary characteristic classes. 

If J is a homogeneous ideal of I{Gl{r, R)), two A-connections V, V on V are 
called J-homotopic connections if there exists a finite chain of links V*^, V" 
that starts with V, ends with V and is such that J C nj^pfcer A(V'). By 
replacing the usual Stokes' formula by formula (|2.ip in the proof of Theorem 
4.2.28 of [TT, one gets 

Proposition 2.1. |12| The cohomology homomorphism p*(V*', V^) remains un- 
changed if\7'^ , are replaced by Jq, Ji-homotopic connections V V ^, respec- 
tively (Jc C fcer A(V=), Jc C fcer A(V''=), c = 0, Ij. 

Corollary 2.1. The secondary characteristic classes are invariant by any JqJi- 
homotopy of the connections. 

Denote by Jodd Q I{Gl{r,R)) the ideal spanned by {(f> e I^''-\Gl{r,K)), 
h = 1,2, ...}. As explained in Proposition II. 31 if V is an orthogonal connection 
for some metric g on the vector bundle V, then Jodd ^ fcerA(V). Notice that 
there always exist positive definite metrics g on V and corresponding metric 
^-connections V, Vg = (e.g., take Va ~ ^j^a' where V is a usual orthogonal 
connection on {V,g)). Furthermore, any two orthogonal A-connections on V 
are Jodd-homotopic. Indeed, if V, V are orthogonal for the same metric g, then 
(1 — t)V -I- rV (0 < T < 1) defines an orthogonal link. If orthogonality is 
with respect to different metrics g,g', then (1 — T)g -\- rg' is a metric on the 
puUback of V to M x [0, 1] and a corresponding metric connection provides 
an orthogonal link between two orthogonal connections V, V' with the metrics 
g,g', respectively. Thus, there exists a chain of three orthogonal links leading 
from V to V, from V to V' and from V' to V, which proves the Jodd-homotopy 
of V, v. 

Now, let {V,g±) be a quasi-(skew)-metric vector bundle that has a X-fiat 
quasi- (skew) -metric connection {K = anng±). Then, Proposition 11.31 tells 
us that Jodd C fcerA(V^). Accordingly (hke in the case of the Maslov classes 
[13]), if we also take an orthogonal A-connection V" on V, we shall obtain 
secondary characteristic classes corresponding to the ideals Jq = Ji = Jodd- 
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Following [13], Theorem 4.2.26, we may replace the algebra W{Jo,Ji) by 
the algebra 

(2.10) W = 1R,[C2, C4, ...] R[c'2, 4, ...] A(C1, C3, ..), 

where c. are the Chern polynomials and the accent and hat indicate the place 
in the three factors of (|2.10p : the homomorphism p(V*',V^) is defined like on 
W{Jq, Ji), while using orthogonal and quasi- (skew)-metric A-connections, re- 
spectively, and we get the same set of characteristic classes. Then, by the same 
argument like for 14J, Theorem 4.4.37 we get 

Proposition 2.2. The A-secondary characteristic classes of{V,g±) are the real 
linear combinations of cup-products of A-Pontrjagin classes ofV ^ and classes 
of the form 

(2.11) ^l2h-l = [A(V", Vi)c2ft_i] e H^'^-^iA). 

The classes fi2h-i will be called simple A-secondary characteristic classes. 

Remark 2.1. If we start with an arbitrary vector bundle {V,g±), a if-flat, 
quasi- (skew)-metric A-connection V"'^ may not exist. Furthermore, if exists, 
it may happen that all the secondary characteristic classes vanish. For instance, 
if we have a non-degenerate form f/_, a usual connection on the bundle of g^- 
canonical frames produces an A-connection such that V^5_ = and, since 
JsT = 0, we get A-secondary characteristic classes. Because of the Jodd-homotopy 
of orthogonal connections, these classes do not depend on the choice of the 
orthogonal connection V". Moreover, these classes are independent of the skew- 
metric connection because of the existence of the link (1 — t)V^ -I- rV ^ 
between two such connections. But, the structure group of V may be reduced 
from the symplectic to the unitary group [l^ and a unitary connection V on 
V will be skew-metric and orthogonal simultaneously. From (|2.6p . and taking 
V° = = V, we see that the secondary characteristic classes above vanish. 

3 Characteristic classes of morphisms 

Let A be an arbitrary Lie algebroid on M, V,W vector bundles with the same 
basis M and (p : V ^ W a. morphism over the identity on M. The A-connections 
V^, on V, W, respectively, will be called iy9-compatible if oip = ipo V^. 
An equivalent way to characterize compatibility is obtained by considering the 
vector bundle S = V (B W* , which is endowed with the 2-forms 

(3-1) 9±{(vi,iyi),{v2,l^2)) =< 1^2, > ± < l'i,ip{v2) >, 

vi,V2 £ V, vi,V2 e W* . It suffices to work with one of these forms, but it is 
nice to mention that both may be used with the same effect. The pair of A- 
connections V^, produces an A-connection V'^ = © V*^ on S*, where 
is defined by 

< >= [Ua) <iy,v> -< z^, V^w >, iy€W*,ve V. 
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A straightforward calculation shows that V^jV*^ are (/3-compatible iff either 
V^g+ = or V'^.g- = 0. We also notice that the forms g± have the same 
annihilator 

(3.2) K — ker If X ker*(p 
where the index t denotes transposition. 

Proposition 3.1. IfV — A, if W — A' is a second Lie algebroid and if ip is 
a base-preserving Lie algebroid morphism, then there exist K-fiat, ip-compatible 
A-connections (V,V'). 

Proof. We may proceed like in :6^ . Take a neighborhood of M where FA, TA' 
have the fixed local bases {bi),{b[J. Define local A-connections ,V ^ by 
asking that 

(3.3) V,^6, = [b,,b,U, = [vb,,b'jA', 

then, extending the operators to arbitrary local cross sections in accordance 
with the properties of a connection. Using the local expression ipbi = <pfb[^, it 
is easy to check that tp o V'^ = V o If we consider a locally finite covering 
{Ua} of M by such neighborhoods U and glue up the local connections by a 
subordinated partition of unity {9^ G C°°(Af)}, we get iy9-compatible, global 
A-connections V, V' defined by 

(3.4) V,a(a;) = ^ e,{x)V^' a{x), Vy{x) = ^ d,{x)v',''' a' {x), 

where x £ M, v e A^, a e TA, a' e TA'. 

Now, we notice that the local connections p.Sp satisfy the following proper- 
ties 

(3.5) V^a = [b„a]A, V^fa' = [ipb„a']A'. 

Indeed, if we put a = f^bj,a' = h"b'^, (j3.3p and the properties of the Lie 
algebroid bracket imply p.Sp . Furthermore, using p.Sp . it is easy to check the 
following properties of the global compatible connections p.4p 

(3.6) ^i,k{x) = [v,k]A{x), 

(3.7) < V'*a'{x),a'{x) >= (Uaw) < a',a' > - < a'{x), [ipv,a']A'{x) >, 

\fx G M,k G T{kerip),a' G TA',a' G T{ker'^ip) and v = ly'^bi is a cross section 
of TA that extends v G A^. The restrictions put on fc, a' ensure the correctness 
of the passage from the covariant derivative to the Lie algebroid bracket and 
the independence of the result on the choice of v. Formulas (|3.6p . (|3.7p imply 
(fCVyk) — 0, V*a' o = 0, which means that ker (p and ker^p are preserved 
by the connections V, V, respectively. 
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Finally, if we denote S = A® A'* and V'^ = V © V'*, we can compute the 
curvature [R-s^s{ai,a2){k,a')]{x), which has components on A and A*. The 
component on A is 

-[5,2, [ai, k]A]A - [[ai,a2]A,k]A){x) = 0, 

where tilde denotes extensions to cross sections and the final result holds because 
of the Jacobi identity. For the component on A * we get the following evaluation 
on any a' £ FA': 

< (Vl: Vl; - - Vj;,,^] Ja', a' > (x) 'P< <5', [^fi^, [^a,, kU'U' 

-[(pai, [(pd2,k]A']A' - [[(pai,ipd2]A',k]A' > {x) = 0, 
where the annulation is justified by the Jacobi identity again. Therefore, 

[Rys{ai,a2){k,a')]{x) = 0, 

which is the meaning of iiT-flatness. □ 

Remark 3.1. During the proof of Proposition l3.1l we saw that ker (p is preserved 
by V, hence, it is preserved by the parallel translation along the paths in the 
leaves L of A. This shows that rank (p is constant along the leaves L. 

Remark 3.2. If we use the definition of V * in the left hand side of (|3.7p 
and take into account the relation annker^Lp = imip we obtain the following 
equivalent form of 1)3.7^ : 

(3.8) \7'ya'{x) = [ipv,a']A'{x) (mod. im Lpx) Vx £ AI,v G A^- 

Definition 3.1. A pair of (^-compatible A-connections that satisfy the proper- 
ties p. 61) , p.8p will be called a distinguished pair (in fB] one uses the term basic 
connections). 

Now, we see that we may use Proposition 12.21 in order to get secondary 
characteristic classes for the bundle S — A®A * endowed with the quasi- (skew)- 
metrics p.ip . with a connection = V© V *, where (V, V) is a distinguished 
pair of A-connections, and with an orthogonal connection = V^^ © v^-*'*, 
where gA, gA' sue metrics on the bundles A, A' and V^^, V^-*' are corresponding 
orthogonal connections on A, A' . 

Definition 3.2. The above constructed secondary characteristic classes of A© 
A * will be called the characteristic classes of the base-preserving morphism ip. 
In particular, one has the simple characteristic classes H2h-i{'p) £ H^'''^^{A). 

The secondary characteristic classes of the Lie algebroid A defined in [6] are 
the simple characteristic classes of the morphism p — ^a ■ A ^ TM . 
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Proposition 3.2. All the characteristic classes of a base-preserving isomor- 
phism If : A ^ A' are zero. 

Proof. If if is an isomorphism, then g_ is non degenerate and we are in the 
situation discussed in Rcmark l2.1l □ 

Thus, the characteristic classes of a morphism may be seen as a measure of 
its non-isomorphic character. 

Proposition 3.3. The characteristic classes of a base preserving morphism 
if : A ^ A' of Lie algebroids do not depend on the choice of the orthogonal 
connection and of the distinguished pair of compatible connections required by 
their definition. 

Proof. The proposition is a consequence of Corollary 12. II In the previous sec- 
tion we have seen that two orthogonal ^-connections are Jodd-homotopic. On 
the other hand, take two (^-distinguished pairs of A-connections V,V';V,V'. 
Then, it is easy to check that, £ [0, 1], (1 - t)V + tV, (1 - t)V' tV' is a 
</?-distinguished pair again. Therefore, Jodd-homotopy also holds for the corre- 
sponding quasi- (skew)-metric connections on S and we are done. □ 

We also have another consequence of Corollarv l2.1l 

Proposition 3.4. Two homotopic, base-preserving morphisms ipo, ipi : A ^ A' 
of Lie algebroids have the same secondary characteristic classes. 

Proof. By homotopic morphisms we understand morphisms (po,ipi that are 
linked by a diffcrcntiablc family of morphisms ifr '■ A ^ A' {0 < t < 1). 
The corresponding forms g+^r on S — A ® A* are different, but, still, all the 
connections V^'"^ required in the construction of the secondary classes have 
skew-symmetric local connection and curvature matrices. Therefore, the Jodd- 
homotopy holds and we are done. □ 

Remark 3.3. In the case of an arbitrary pair of morphisms ipo, ipi : A —> A' 
we can measure the difference between the secondary characteristic classes as 
follows. Notice the existence of the bi- characteristic classes fl2h-ii^i, y^2) = 
[A(V\ V^)c2/i-i] e H*''^^{A) where V\ are A-connections defined on S* = 
A Q) A* by distinguished, (^1^2-compatible connections respectively. Then, for- 
mula yields 

dAA{V°,V\\/^)c2h-i = A(V", Vl)c2h-l + A(V^v2)c2h-l + A(V^V")c2/,-l, 
where V° is an orthogonal connection on S. Accordingly, we get 

(3.9) A^2h-l(<Pl) - M2/i-l(<y52) = A*2/i-l(<y3l, 

In what follows we give explicit local expressions of A-forms that represent 
the characteristic classes fi2h-ii^)- Take a point x G M and an open neighbor- 
hood U of X diffeomorphic to a ball. Assume that (V*^, V ^) and (V, V) are 
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pairs of local, respectively global, distinguished, (^-compatible A-connections on 
A, A'. Then, if < x € C°°{M) is equal to 1 on the compact closure V of 
the open neighborhood F C [/ of a; and equal to on M\U, then the convex 
combinations 

V = xV^ + (1 - x)V, V' = xv'^ + (1 - x) V 

define a global pair of distinguished v4-connections that coincides with (V'^, V 
on V. 

Accordingly, in formula (|2.1ip for S — A® A * we may always use a connec- 
tion such that the expressions p.3p hold on the neighborhood V. Then, if 
we denote 



'Ah = air, U< = Pdlr^ih) = ^ 



(remember that we use the Einstein summation convention) , where are local 
coordinates on M and {bi){, b'^) are the bases used in p.3|) . we get the following 
connection matrix of on the neighborhood V 



(3.11) 








(in p.ll[) . 5** is the dual basis of 6^). 

Furthermore, let g^,g ^ be local metrics on A, A' such that {bi),{b'^) are 
orthonormal bases and g, g' arbitrary, global metrics on A, A' . Then, define the 
metrics 

xs"" + (1 - x)g, xg'"" + (i - x)g' 

and take an orthogonal connection V" whose components are corresponding 
orthogonal connections. The connection matrix of V*^ on the neighborhood V, 
with respect to the same local bases like in (|3.1ip . will be of the form 



(3.12) 



where {vjj), (wj') are skew-symmetric matrices of local l-v4-forms. 

If these connections V°, V"'^ are used, then, along V, the difference matrix 
a of formula p.6p is the difference between the matrices (|3.11|) and ()3.12|) . 
Furthermore, we can compute the matrix ^^(t) by using formula ()2.7p . where 
r2(o) is a skew-symmetric matrix. The final result may be formulated as follows 

Proposition 3.5. // a point x G M is fixed, there exist global representative 
A-forms 'E.2h-i G Vl'^^^^{A) of the characteristic classes /i2/i-i such that 

(3.13) = (^:^.■.■.K.^t:^< a f^- a ... a n^^;;^^ ) dr, 
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for some neighborhood V of x. In i3.1^) . the factors are the entries of the 
matrices a,fl(^r) given by formulas HS.ll]) . Ii3.12\) and Greek indices run from 1 
to dim A + dim A' . 

Proof. Use the expression (|1.12p of the Chern polynomials and the connections 
V°, constructed above. □ 

The difficulty in using Proposition 13.51 besides its complexity in the case 
ft. > 1, consists in the fact that formula (I3.13P does not define global A- forms; for 
neighborhoods of different points xi ^ X2 we have different pairs of distinguished 
connections V, V. However, we can use Proposition 13.51 in order to extend a 
result proven for a Lie algebroid A {kp = (j^) in [6]: 

Proposition 3.6. The secondary class /ii(<p) is equal to the modular class of 
the morphism ip. 

Proof. Recall that the modular class of a morphism is defined by fi{ip) = 
IJ,{A) — (p*fi{A') £ H^{A), where iJ,{A), fj,{A') are the modular classes of the Lie 
algebroids A, A', respectively, [71 [SI [TO]- Furthermore, the modular class fi{A) 
is defined as follows [H [1 [HI [TO] ■ The line bundle A" A (g) A"'T*M (s = rank A) 
has a flat A-connection defined, by means of local bases, as follows 

s 

(3.14) Vb,{{A'^=,b,) (A^^idx^)) = ^ 6i A ... A [6„ bjU A ... A 6, ® (Ar=idx^) 

+ (A,^^i6,)®iU6,(A"=ida:''), 

where L is the Lie derivative. Then, for a S r(A''^ (g) A"^T*M) (which exists 
if the line bundle is trivial; otherwise we go to its double covering), one has 
Vqit — X{a)a where A is a dyi-closed 1-A-form and defines the cohomology class 
/z(A), which is independent on the choice of a. 

From (j3.14p it follows easily that /i(A), /i(A') are represented by the A-forms 

(3.15) A = Y^ij^ + M)6«, A' ^ ;^(7L + ^)&'" 

i,k,j s,t,h 

where the notation is that of l|3.10p . Notice that, even though the expressions 
(|3.15p are local, the forms A, A' are global A-forms because the connection that 
was used in their definition is global. 

On the other hand, using formulas p. lip . p.l2p and since the trace of 
a skew-symmetric matrix is zero, we may see that the A-iovm Si defined in 
Proposition 13.51 is such that S|iy = {X ~ ip* X')\v , where F is a neighborhood 
of a fixed point x G M. Accordingly, there exists a locally finite, open covering 
{Va} of M and there exists a family of pairs of ^-connections (V"", V^") that 
provide representative l-A-forms Si^ of the characteristic class fii{(p) such that 

(3.16) = (A-^*A')|y„. 
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Then, if we take a partition of unity {0a G C°°{M)} subordinated to {Va} and 
glue up the famihes v°",V^", hkc in (|3.4[) . we get connections V°,V^ that 
define the representative A-form 

Si(x) = J2 Ga{x)^ic.{x) = (A - ^*A')(a;), xeM 

of fj,i{ip). This justifies the required conclusion. □ 

Example 3.1. An interesting example appears on a Poisson-Nijenhuis manifold 
{M, P, N), where P is a Poisson bivector field and is a Nijenhuis tensor. Then 
*N : (T*M, TVoftp) {T*M, jjp) is a morphism of cotangent Lie algebroids. The 
modular class of the morphism *A was studied in [4J and it would be interesting 
to get information about other characteristic classes of this morphism. 

The calculation of the classes /i2/i-i for h > 1 is much more complicated. 
One of the difficulties is the absence of a global construction of a distinguished 
pair of connections. 

Example 3.2. Let ip : A ^ A he an endomorphism of the Lie algebroid A and 
assume that there exists an ^-connection V on A that satisfies condition p.6p 
and whose torsion 

?v(ai, 02) = Vaia2 - Va^ai - [01,02]^, 0,1,0,2 e TA, 
takes values in K = ker ip. Then, it is easy to check that the formula 

defines a second A-connection that is (/j-compatible with V and satisfies condi- 
tion (|3.8p . Therefore, (V, V) is a distinguished pair. 

Another difficulty is produced by the complicated character of the expression 
(|3.13p . A simple example follows. 

Example 3.3. If the Lie algebroids A^A' have anchors zero, the ^-connections 
are tensors and formula p. lip gives the local connection matrices of a global, 
flat A-connection as required in the definition of the characteristic classes 
(flatness is just Jacobi identity). In the simplest case A = M x Q , A' — AI x Q' 
where Q, Q' are Lie algebras, we may take zuj ^ in (I3.12p . which gives a flat 
metric connection V". Then, formula (12. 7p reduces to 

fl(T-) — t{1 — r)a A a 

where a is the matrix (I3.1ip . Accordingly, like in [14], Theorem 4.5.11, we get 
the representative y4-forms 
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of the classes /i2/i-i, where a are the entries of the matrix (|3.1ip and 

Remark 3.4. So far, we do not have a good definition of characteristic classes of 
a morphism between Lie algebroids over different bases. Using the terminology 
and notation of [lOj , let us consider a morphism 



(3.17) i I 

M ^ N 

between the Lie algebroids A, B and assume that the mapping / is transversal 
to the Lie algebroid B. Then, Proposition 3.11 of [10] tells us that f — o 
where : f'B ^ B, ip' : A ^ f''B are the natural projections of the puUback 
Lie algebroid f 'B. Furthermore, Proposition 3.12 of lOj tells that the modular 
class of the non base preserving morphism (p is equal to the modular class of 
the base preserving morphism ip' . This equality may be extended by definition 
to all the characteristic classes of (p, but it is not clear whether this definition 
is good (it docs not loose information about ip) even in the indicated particular 
case. 



rn 



4 Relative characteristic classes 

From Proposition 13.61 and a known result on modular classes ( [10| , formula 
(2.5)) we see that the first class fii{(p) has a nice behavior with respect to the 
composition of morphisms namely, for the morphisms ip : A A' , -ip : A' A" 
one has 

(4.1) fii{ipo(p) ^ ^i{ip) + ip*{fii{ip)). 

In this section we give a proof of (|4.ip by means of the definition of the charac- 
teristic classes of a morphism and we shall see why the result does not extend to 
the higher classes /i2/t-i, h > 1. The proof will use a kind of relative characteris- 
tic classes that are interesting in their own right; in particular, we will show that 
the relative classes defined by the jet Lie algebroid J^A [5] are cohomological 
images of the absolute characteristic classes of a morphism ip : A ^ A' . 

Like in the definition of the characteristic classes of ip we can produce char- 
acteristic classes oi ip : A' ^ A" modulo (p : A ^ A' as follows. Take the 
Lehmann morphism p*{D^ , D^) for an orthogonal A-connection on the vec- 
tor bundle A' (B A * associated with a sum of Euclidean metrics gA' , QA" and an 
j4-connection on A' ® A *, which is the sum of distinguished A-connections 
V, V" on A', A", respectively. Here by a distinguished pair we mean a pair of 
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^-connections (V, V") that satisfies the following properties 

= y'aiH), a^A^ [x e M), a' £ TA', 

(4.2) V^k{x) ^Ypa,k]A'{x), keVkerip, 
V"a"(.T) = [iljipa,a"]A"{x) (mod. -0), 

where the sign tilde denotes the extension to a cross section. One can construct 
a ^/i-distinguished pair of A-connections V', V" by replacing the local formulas 
(lO) by 

(4.3) v;f&^, = [^h,h'j,]A', v'i^y;. = [^^h,b'^„]A", 

then gluing the local connections via a partition of unity. (In (|4.3p {bi ) , (6^, ) , (6", ) 
are local bases of TA, TA' , TA" , respectively.) 

Definition 4.1. The characteristic A-cohomology classes in im p*{D^, D^) will 
be called relative characteristic classes of "tp modulo cp. In particular, 

Ai2h-i(^niod.<^) = [A{D",D')] e H^'^-'^A) 

are the simple relative characteristic classes. 

Proposition 4.1. For h — I, the relative and absolute characteristic class fii 
of the morphism ip are related by the equality 

(4.4) /xi(V'mod. (/3) = ^*/^i(V'). 

Proof. By absolute classes we understand characteristic classes /i2/i-i(V') G 
H'^^~^{A'). The partition of unity argument given for (|3.11D shows that we 
may assume the following local expressions of distinguished A'-connections on 
A', A" 

(4.5) V^b), = [b',.br,]A', v'iFb';,, = {^b\,,b]„\A". 

Connections (|4.5p induce ^-connections V', V" and we shall compute the local 
matrices of the induced connections. By definition, we have 

and it is easy to check that the A-connections V V ^ satisfy conditions (|4.2p . 
Therefore, V ^, V may be used in the calculation of the relative characteristic 
classes of ■0 mod. ip. If we denote (fbi = ipj b'^, and use expressions (|4.5p and the 
properties of the Lie algebroid brackets we obtain the local connection matrices 

Lu'j';' = ip*u)'p' - < dA'iPi ,bj> > b*\ 



(4.6) 



Cii'y' = Lp*uj'y'- < dA"<f^' ,ipbj, > b* 
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Formula (|4.6p allows us to write down the local connection matrix of the con- 
nection = V' + V * required by the definition of the relative classes. Fur- 
thermore, we may assume that the local matrix of the orthogonal connection 
I?" that we use is skew-symmetric. Accordingly, and since ^ is a Lie algebroid 
morphism, (|4.6p yields 

where = V' + V * and V" is an orthogonal A'-connection era. A! ® A * . This 
result justifies (li^ . □ 

Proposition 4.2. For h ^ I, the relative and absolute characteristic class fj,i 
of the morphisms ij) are related by the equality 

(4.7) /xi (V^ o 95) = ^1 ((^) + /ii (Vj mod. ip) . 

Proof. In the computation of o (ys) we may use an A-connection V + V * 
an. A® A * where, on the specified neighborhood C/, V is given by p.3p and 
V" is given by (|4.3p . while in the computation of /ii(?/;mod. p) we shall use the 
connections V',V" of (|4.3p . Thus, the non-zero blocks of the local difference 
matrix a that enters into the expression of the representative 1 — A-form of 
Hi {ill o p) are given by the local matrix of 

(4.8) V" - V = V" - V + V - V 

and the opposite of its transposed matrix (in spite of the notation, calculation 
(|4.8p is for the connection matrices not for the connections). Then, if we use 
orthogonal connections of metrics where the bases used in (|4.3|) are orthonormal 
bases (therefore, with trace zero), formula (|4.8p justifies ()4.7p . □ 

Corollary 4.1. The characteristic class /ii of a composed morphism ip o ip^ip 
is given by formula 

Proof. The result is an obvious consequence of formulas (|4.4p and (|4.7p . □ 



Remark 4.1. Formulas (|4.ip . (|4.4p . do not hold for h > 1 because of the more 
complicated expression of the polynomials €2/1-1 (there is no nice formula for 
the determinant of a sum of matrices). 

We finish by showing the relation between the characteristic classes of the 
base-preserving Lie algebroid morphism p : A ~^ A' and the relative classes 
defined by the first jet Lie algebroid J^A; ior ip — ■ A TM this relation 
was established in [3]. 

The first jet bundle J^A may be defined as follows. Let D be a TM- 
connection on A and let Da denote the covariant differential of a cross section 
a G TA (i.e., Da{X) = Dxa, X G TTM). The properties of a connection tell 
us that Da G Hom{TM,A) and, if a{xo) = for some point xq G M, then 
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Da(xo) : T^gM A^g is a linear mapping that is independent of the choice of 
the connection D. (This is not true if a{xo) ^ 0.) If {x'^) are local coordinates 
of M around xq and (&i) is a local basis of TA, and if a = C{x'^)bi, the local 
matrix of Da{xo) is (DhCi^o)) (the covariant derivative tensor), which reduces 
to (dC/dx^ixo)) ifCixo) = 0. 

Now, for any point xq G ill, the space of 1-jets of cross sections of A at xq is 

(4.9) J^A = TA/{a £TA/ a{xo) = 0, Da{xa) = 0} 

and each a e FA defines an element j^a G A called the 1-jet of a at xq. With 
the local coordinates and basis considered above, we may write 

a = Cix'')h = (r(xo) + ^Mix"" - x'^ixo)) + o{{x'' - x'\xo)f))h. 



Hence, 



jIo^ = e{xo)jlgh + ^MjUix' - x\xo))h) 



and 

(4.10) jUix'^ - x''(xo))6.) = - x\xo)jl,h 

is a basis of the vector space J^g^ such that (f*(xo), 9^V^^''(2^)(^o)) are coor- 
dinates with respect to this basis. 

A change of the local coordinates and basis of A gives the transition formulas 

and may be seen as the composition of the change of the coordinates (a;'') with 
the change of the basis (6^), while the order of the two changes is irrelevant. 
This remark allows for an easy verification of the fact that the change of the 
coordinates discovered above in J^^A has the cocycle property. Accordingly, 
(|4.1ip shows that J^A = Ux^mJx^ has a natural structure of a diffcrentiable 
manifold and vector bundle tt : J^A — > M over AI called the first jet bundle of 
A. 

From ()4.10|) . we see that {j^bi^j^{x^bi)) is a local basis of cross sections of 
J^A at each point of the coordinate neighborhood where x^ are defined. This 
basis consists of 1-jets of local cross sections of A, therefore, the cross sections 
of J^A are locally spanned by 1-jets of cross sections of A over C°°(M). In the 
case of a Lie algebroid A, the previous remark allows us to define a Lie algebroid 
structure on J^A by putting 

(4.12) ttjM(j^a) = jj^a, [j^oi, j^a2]jiA = jM^I; a2]A 

and by extending the bracket to general cross sections via the axioms of a Lie 
algebroid. We refer the reader to Crainic and Fernandes [3] for details. A 
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general, global expression of the Lie algebroid bracket of J^A was given by 
Blaom [1]. 

Moreover, (|4.12p shows that the natural projection tt^ : J^A — > A, TT-^{j^a) = 
a is a base-preserving morphism of Lie algebroids and, if ip : A A' is a 
morphism of Lie algebroids, we may define relative characteristic classes of (p 
modulo TT^. Following [5], there exist flat J^A-connections V-' , V on A, A', 
respectively, given by 

(4.13) V-^^.i^^aa = f[ai,a2]A, ^ fjia^' = fVpa,a']A', 

where a, oi, 02 £ TA,a' £ FA', / e C°°{M). These connections obviously satisfy 
conditions ((i?^ . hence, = V-'' + V'*-'' is a jM-connection on A © X* that 
may be used in Definition 14. II for the present case. We shall prove the following 
result 

Proposition 4.3. The relative characteristic classes of ip modulo tt^ are the 
images of the corresponding absolute characteristic classes of ip by the homo- 
morphism tt^* : H*{A) H*[J^A). 

Proof. Here, we have the particular case of the situation that existed in Propo- 
sition 14.11 where i:^ comes instead of ip and ip comes instead of t^. Therefore, 
we may construct connections that correspond to (|4.5p and the induced J^A- 
connections and get the corresponding formulas (14. 6|) . If we use the local bases 
(|4.10p of FJ^A, the components ip^ that appear in (|4.6p are constant and (|4.6p 
simply tell us that the local connection forms of the induced connections are 
the puUback of the connection forms of the connections (|4.5I) by vr^. Of course, 
the same holds for the curvature forms, and, if we also use a J^A-orthogonal 
connection oi A® A* that is induced by an yl-orthogonal connection, we see 
that TT^* commutes with the Lehmann morphism, which implies the required 
result. □ 
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